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Abstract-In this paper, the author proves directly the equivalence between geodesic equations 
on a Riemannian manifold given by the Riemannian connection and the equations of motion of 
a unit-mass point outside of external forces on the manifold given by the priciples of least action 
(Section 1, Theorem 1). According to the Liouville theorem, the author gives the formulae of ratio 
of frequencies and periods of motion in two directions with which one can (1) distinguish periodicity 
or quasi-periodicity of the motion on a compact manifold determined by an integrable Hamiltonian 
system with two degrees of freedom; (2) obtain the period of the motion if it is periodic, if only 
the initial point of motion in phase space is known (Section 1, Theorem 2). As an application of 
Theorem 2, the geodesic flows on a-torus and ellipsoid of three major axes of different lengths are 
studied (Section 2, Theorem 3; Section 3, Theorem 4). Two remarks (Section 2, Remark 1; Section 3, 
Remark 2) are made to discuss the extreme cases of the geodesic flows. 
1. INTRODUCTION 
Given a metric on an n-dimensional Riemannian manifold M: 
ds2 = C 9ij dxi dxj 7 
&j 
(1) 
where gij = gji, 1 5 i, j 5 n are functions of coordinates (~1,. . . , x,} and the matrix G = (gij) 
is positive definite, we have the equations of a geodesic (see [I]) 
jEk + C r,jii~j = 0, k=l,...,n, (2) 
&j 
where I’fj, 1 < i, j, k 5 n are called connection coefficients which satisfy 
and notation 81 stands for partial differentiating operator &. 
On the other hand, we consider a unit-mass point moving on M outside of external forces, its 
kinetic energy is 
T(x,~) = f Qijkii!j, 
w 
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and the Lagrangian L(z, k) = T. According to the principles of least action, the motion satisfies 
the Lagrange equations (see [2]) 
i = l,...,n, 
i.e., 
(4 
(5) 
In order to show that the geodesic flow represents the motion of a unit-mass point on M out 
of external forces, we establish the following theorem. 
THEOREM 1. Equation (2) is equivalent to equation (5). 
PROOF. Equation (2) can be rewritten as 
21 
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From (5) we have 
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(7) 
Xn 
dH 
p=-dq’ 
dH 
4=x’ 
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Using the variational formula, we can transform equation (5) into the Hamiltonian system 
with Hamiltonian function 
(8) 
H(P, q) = dP - L(q, 4) = C &jPiPj 7 
i,j 
(9) 
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where 
and 
(&) = G-l = (g&l, (10) 
q= (1;) = (jj, p= (j;) =g=Gi:=GQ. (11) 
Liouville theorem (on integrable Hamiltonian systems) (see [3]) tells us that if the orbit of 
motion of Hamiltonian system (8) lies in an abstract n-torus it4f determined by n independent 
first integrals Fi = H, F2,. . . , F, which are in involution, then there exists action-angle coordi- 
nates I, cp, such that (8) becomes 
i = 0, 
l+ = g = w(I), 
(12) 
where I = (Ii,. . . , In)T, 
Ii = $ 
f 
pdq, (13) 
-Ii 
+yi is the ith basic cycle of Mf, ‘p = (cpi,. . . ,(P,)~, and w(I) = (q(I), . . . , ~~(1))~ is the angular 
velocity. 
In particular, n = 2, let Fl E h, FZ E k on Mf, then I = I(h, k). 
THEOREM 2. When n = 2, with the assumption above, we have 
The periodicity or quasi-periodicity of the motion of (5) is completely determined by (14), i.e., if 
W~/WI = b/a is rational, then the motion is periodic with period 
the orbit is closed; if WZ/WI is irrational, then the motion is quasi-periodic, in other words, the 
orbit is dense on the 2-torus Mf. 
PROOF. From 
we obtain 
and 
then 
(16.1) 
(16.2) 
(16.3) 
(16.4) 
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2. GEODESIC FLOW ON 2-TORUS 
For 2-dim torus, the geographical coordinates are 
2 = (1 +rcos$J)cos~, 
y = (1 + rcos$)sin4, (IV 
z = rsin$, 
where @,1c, are longitude and latitude, respectively, and T (0 < T < 1) is the semi-diameter of the 
small cycle. Its metric is ds 2 = 1 + rcos~J,)~d~$~ + r2dti2, Lagrangian is ( 
08) 
and Hamiltonian is 
ff(m,Pz;41,42) = 
P? 
2(1 + T cos q2)2 
where 
(;:) = ($)T (g) = (ii) = (‘I 
+& 
2r2 ’ (19) 
+ ,cos$g2cj 
T2?j >* 
(20) 
For q1 is not contained in H, so pl is a first integral (i.e., the angular momentum with respect 
to z-axis is conserved). 
Mf is 
PY +Lh 
2(1 +rcosq2)2 2r2 ’ 
PI = k 
or 
We assume 
k2 +&=h 
2(1 +rcosq2)2 2r2 ’ 
pl = k. 
k2 k2 
2(1 + r)2 
<h< 
2(1 - r)2’ 
(21) 
(22) 
THEOREM 3. Once the initial point in phase space of (19) gives values of h, k by (21), and (22) 
is satisfied, then the periodicity or quasi-periodicity of geodesic ffow on 2-torus is completely 
determined by X = b-2. M oreover, if it is periodic, then the period of motion also only 
depends on X. 
More precisely, we have ratio of frequencies 
WI T2 -=-=A1 
~2 TI 
(1 + BI sin2 B)dB 
1 + B2 sin2 19) JiYE&TZG 
(23) 
and period of motion in one direction 
T2 = 2-/r =A3 ’ 
J 
(1 + B2 sin2 0)dB 
w2 o (1+B1sin2t9)J1+A2sin20’ 
(24) 
where AI, AZ, As, BI, Bz only depend on X. 
PROOF. If (22) is satisfied, then the first equation of (21) stands for a simple smooth closed curve 
in (~2, q2)-plane; and pl = k, 0 5 q1 < 27~ stands for a simple cycle (0 and 27r are considered as 
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one point, and then [0,27r] becomes S1) in (~1, ql)- “plane.” Thus, the sub-manifold kff of the 
phase space 
R2 x T2 = {(pl,p2;q1,qz)l --oo <m,pz < +oo; qlrqa E S'} 
is considered as a 2-torus T2 = S1 x S1 with two basic cycles: 
(25) 
71 :p1 =kq1 ES’; (P27Q2) = (Rqo), 
k2 +&=/$. 
+12 ’ 2(1+ rC0Sq2)2 2r2 ' 
h,ql) = (k,r), 
where qo = axccos X. And then the action variables are 
(26) 
(27) 
From (14), (16.3), and (16.4), we obtain 
wl 572 aI2 /ak -=-=-_ 
~2 TI l3Il /ak 
2rk q” =- ?r J & 0(l+rcoq/q 
2rk PO =- J & 7&z 0 (1+rcosq) (1+?-cosq)2-(l+~cosqo)2 
k 2r to 
=- (1 +t0)~(1+ t)2 dt (28) 
n- SJ x- 0 [(l + r) + (1 - r)P] d(t; -P) [(l + tl#o + q2 + T(1 -@“)] 
=A1 ’ 
J 
(1 + ti sin2 19) de 
0 1 + 1-rt2 sin2 19 1+r 0 ) 41 +A2sin20 
=A1 ’ J (1 + B1 sin2 e) de o (1 + B2 sin2 0) dl + A2 sin2 B 
and 
812 
T2 = 2xX 
(1 +rcosq)dq 
(1+ rcosqp - (1+ rcosqrJ)2 
4fi to J (1 + to)’ [(l + T) + (1 - r)t2] dt 
(29) 
=7z 0 (1 + t)y& -P) [(l + to)2(1 + t)Q- + r(1 - tgtq E 
=A3 * J (1 + B2 sin2 e) df3 o (1+tzsin28) 1+A2sin20 
=As ’ J (1 + I32 sin2 e) de o (1+B1sin20)d1+A2sin28’ 
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where 
A1 = 
A2 = 
A3 = 
B1 = 
Bz = 
4&(1+ XT) 
Ir(1+ r)J(l + A) [2 + r(l + A)]’ 
1-x 1-X 
1+x 
[ 
1+(Wl+ 7 1 
8fi(l+ r) 
J2h(l+ A) [2 + r(1 + A)]’ 
1-X 
1+x’ 
1-rl-x 
l+rl+X’ 
(30) 
REMARK 1. From restriction (13), we have 
-1 < x < 1. (31) 
Now let’s consider the two extreme cases: 
(1) X + +l, then qo ---) 0, and the first equation of (21) tends to one point (0,O) in the 
(~2, q2)-plae. 
From (28), (29), we obtain 
“1 A - *Al- = 
“2 2 
(32) 
and 
(2) X + -1, then qo + T, to + +a+ wg = $ + 0, and then the first equation of (21) draws 
the separatrix in (pz, q2)-plane. 
From (28), (29), we obtain 
to (1 + t0)~(1+ t)2 dt 
[(l + T) + (1 - r)P] I/<t; - P) [(l + kl)2(1 + t)2 + T(1 - tfP>] 
(1 + t0)~(1+ Mo)2to dcl 
[(l + r) + (1 - ?-)/.A;] J(l - $)# [(1 + to>2(1+ @to)2 + r(l - &)] 
(I+ wo12h + wo12 dcl 
[(l - r)p2 + (1 + r)u$] J(1 - p2) [(l + WO)~(P + 100)~ + r<w,” - p2)] (34 
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and 
T2 = g 1”” (1 + Q2 [(l + r) + (1 - r)t2] dt 
0 (1 + t)“J($ - @) [(l + to>2(1 + t)2 + r(1 - t$2)] 
4Ji; l 
=- 
J 
(1 + t0)2 [(I + r) + (1 - r)p2t;] todp 
J27L 0 (1 + pto)2J(1 - g>t; [(l + to)2(1 + ptop + T(1 - p”t$] 
4J5; l 
=- 
I 
(1 + WO)~ [(l - r)p2 + (1 + T)w;] d,u 
6 0 (P + wo)2&1 - P2) [(I + wo)2(P + wop + ?qw; - p2)] 
>+ l J (1 +r)h - fi0(p+wo)&l+r)(l -p) > 247i77 ‘+w dp 
- 
JiE s wg 7 
--+ fco. 
(35) 
3. GEODESIC FLOW ON AN ELLIPSOID WITH THREE 
MAJOR AXES OF DIFFERENT LENGTHS 
For an ellipsoid with three major axes of different lengths, the geographical coordinates are 
x = asinqbcosf$, 
y = bsin1C,sinq$ 
z = ccos$, 
(36) 
where a > b > c are the lengths of three major semi-axes and 4, $J are longitude and latitude, 
respectively. The coordinate differentials are 
dx = acosII) cos$dlC, - asinQsinqSd$, 
dy = bcos$sinqSdlC,+ bsin$cos$d$, 
dz = -csin$d$. 
(37) 
The metric is 
where 
ds2 = 911 dti2 + 2912 dlCl d4 + g22 d42, (33) 
911 = COST $(a2 cos2 qh + b2 sin2 4) + c2 sin2 $J, 
912 = 
( b2 - a2) sin 2$~ sin 241 
4 
7 
922 = sin2 $(a2 sin2 C#J + b2 cos2 4). 
(39) 
Lagrangian is 
Hamiltonian is 
L(4 +. 4 4) = 91142 + 2912GJ + 922JJ2 
, I, 
2 
; (40) 
fqpl p2.Q1 q2) = S22P:: - %12PlP2 +sllP; 
7 I, 
2lGI ' 
(41) 
where 
and 
IGI = grrg22 - &2 
= sin2 II, [a2b2 cos2 I+!J + c2 sin2 +(a” sin2 q5 + b2 cos2 qi)] . 
(42) 
(43) 
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Joachimsthal theorem (see [4]) sa y s: along a geodesic or a line of curvature on a central quadric, 
the product of the semi-diameter of the quadric parallel to the tangent to the curve at a point P 
and the distance from the center to the tangent plane at P is constant. 
According to this theorem, we will deduce a first integral for Hamiltonian (41). 
Consider a point P = (X, Y, 2) on ellipsoid 
;+$+$=i (44) 
and a tangent direction T = (X, CL, v), the length p of the semi-diameter parallel to ? is deter- 
mined by 
p2x2 + P2P2 + p2v2 = i - - 
a2 b2 c2 (45) 
or 
1 _x”+!z+? 
p” - a2 b2 c2' (46) 
If the normal direction of the ellipsoid at P is (u,u,wJ), then the distance from the center to 
the tangent plane at P is 
W=X~U+Y~w+Z~W. (47) 
Combining (37), (38) with (46), we obtain 
1 4” + sin’ +j” 
-= 
9142 + 2912114 + 92242' 
From (37), we obtain 
combining (36), (49) with (47), we have 
bc sin’ $J cos 4 
ca sin’ 1c, sin 4 
ab cos 1c, sin 1c, 
Hence, 
W = -j!&sin$ 
(48) 
(49) 
1 PI 4” + sin’ $J$” 
- = a2b2c2 sin’ +(gii@ + 2gi2&j + g&s) p2W2 
= (g22pl -912p2)' +sin2q1(-g~2pl +g~p2) 
2a2~2~21GI~(pl,p2;q~,q2)sin2 ql 
= 2gzzH -pi + 2 sin'qlgll H - sin'qlp: 
2a2b2c2H sin’ q1 
1 
=- 
a2b2c2 
g11+922_E.L pi 
sin’ q1 2H > 2Hsin'ql 
(56) 
(51) 
Mf is 
H(pi,pa;qi,q2) = 
g22pf - %lZPlPZ + alp; = h 
2lGI 
1 
A(pi,pz;qi,qz) = 911 + g22 ” p: =k 
r- 2h- 2hsin2ql . sin 41 
(52) 
One can check straight that A is a first integral of the Hamiltonian system, and independent 
with H when $ E [S, x - 6],6 > 0. k is a positive constant, and 
c2 < k < b2. (53) 
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THEOREM 4. Once the initial point in phase space of (41) gives values of h, k by (52), and (53) is 
satisfied, then the periodicity or quasi-periodicity of geodesic flow on ellipsoid (36) is completely 
determined by k. Moreover, if it is periodic, then the period of motion depends on h, k. 
More precisely, we have ratio of frequencies 
and period of motion in one direction 
~2 TI -z-c 
w 772 
k sin2 O+C~COS~~? 
(a2-ksin2 O-c2 cos2 O)(b”-ksin2 0-c” cm2 0) de 
(a2 sin2 B+b2 cos2 O-k)(a2 sin2 B+b2 cm2 0-G) de ’ 
a2 sin2 O+b2 ~082 8 
(54) 
(k sin2 8 + c2 cos2 0) 
(a2-ksin20-c2cos20)(b2-ksin28-c2cos26) 
cos2 e de (55) 
(a2sin2B+b2cos2e)(02sin2B+b2cos2B-k)de 
(a2sin2e+b2c0s20-3) 
PROOF. In order to estimate the range of 1c, and 4, we rewrite (52) as 
2 
lG1(d2 + sin2 $4”) 
2h sin2 II, 
If $ gets its extreme value &, then 4 = 0, (53) becomes 
g22d2 = Sk, 
IGl$” = 2hk, 
hence, 
km = PI 
or 
= h 
= k. 
(56) 
(57) 
(58) 
k sin2 $)e (a2 sin2 rj + b2 cos2 4) = sin2 tie [a2b2 cos2 $, + c2 sin2 & (a2 sin2 4 + b2 cos2 $)I , 
cos2& = 
(k - c2)(u2 sin2#+b2cos24) 
u2b2 - c2(u2sin2q5+b2cos2~)' 
k - c2 
a2 _ 3 I cos2 & L 
k - c2 
b2 - c2 ’ 
arccos (5% 
Thus, the value of $ of the orbit will forever lie in the interval of (59) if only does its initial value 
belong to the interval, never reach 0 or r, and then IGI will never be zero. 
If C$ gets its extreme value $e, then 4 = 0, (56) becomes 
ad2 = 2h, 
lGl$2 = 2hk sin2 $, 
(60) 
hence, 
kg11 sin2 1c, = (GI (61) 
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Ol- 
k [cos2 +!~(a~ cos2 & + b2 sin2 &) + c2 sin2 $1 sin2 T,!J 
= sin2 $J [a2b2 cos2 Q!J + c2 sin2 $(a2 sin2 & + b2 cos2 q!+>] , 
(a2 - k) b2 sin2 $J + c2 sin2 $ 
‘OS2 ‘e = (a2 _ b2) . k cos2 11, + c2 sin2 $ ’ ” (62) 
Therefore, C#J will never get its extreme value; in other words, it will increase forever. 
According to (54), (55) can also be written as 
ml,Pz;Ql,Qz) = 
S22P! - 2glzPlP2 + SllPZ = 
2lGI 
/& 
9 
(g12p1 - g11P2)2 + (g22p1 - g12P2)2 = k 
(63) 
A(m,pz;ql,qz) = 
2hlGI 2hlGJ sin2 q1 * 
Let qz = 4 = 4, then 
grr = b2 cos2 t+!~ + c2 sin2 q!~, 
g12 = 0, 
g22 = a2 sin2 $, 
JGI = a2 sin2 Q(b2 cos2 1c, + c2 sin2 $J) = a2 sin2 II, + gll, 
and (631 becomes \ I 
g2@: + ii%@% = h 
WI ’ 
2 2 
9222PT 
2hlGI sin2 $ ’ Zf$ = k* 
(64) 
(65) 
Eliminating ~2, 
2922(gll sin2 1cI - 922) 
Pl 
2hlGI sin2 1c, 
= gll - k, 
2 2hlGl(k - 911) sin2 1c, 
‘l= g22(g22 - 911 sin2 +> 
= 2hgll(k - gu) 
(66) 
a2 - 911 * 
If Cm2 $J I $E$, then from (64) 911 I c2 + (b2 - c2) g = k. Thus, in (66), $J go through 
This coincides with (59). 
Let q1 = 11, = 4, then 
and (63) becomes 
[arccos /E, arccos (y/g)] . 
911 = c2, 
$712 = 0, 
g22 = a2 sin2 4 + b2 cos2 4, 
(G( = c2(a2 sin2 4 + b2 cos2 4) = c2g22, 
!l22p: + 911Pi = h 
WI ’ 
(67) 
(68) 
(69) 
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Eliminating pi, 
kmg22 - sfdp; = (m - kPW4, 
p; = WGlk722 - k) 
911(922 - 911) 
= %722(922 - k) 
Q22 - 911 
= 2h(a2 sin2 4 + b2 cos2 4) (a2 sin2 4 + b2 cos2 C$ - k) 
(a2 sin2 4 + b2 cos2 4 - ~2) 
(70) 
In (70), 4 can go through S1. 
As discussed above, on Mf , q2 = 5 gives a section (in fact a curve), q1 moves back and forth 
in the interval of (67). The compactity of the extension of the interval (two times the interval) 
corresponds a cycle (given by (59)) on Mr. We denote this cycle by yi. From (70) we obtain 
another basic cycle 3. 
11 = & f (Pl &l +p2&2) 
-Yl 
1 
=- 
3-77 1 PI dql 
2 
J 
arccos(-~\/(k-c2)l(b2-c2)) 2hgll(k - gll) 
zzz- 
27r arccos J(k-c2)/(a2-c2) d-z? 
(I3 co82 1c, + c2 sin2 $)(k - b2 cos2 TJ - c2 sin2 $) (71) 
=- dlC, 
=F(k-q 
(ksin2B+C2C0S2e) 
k sin2 8 - c2 cos2 8)(b2 - k sin2 8 - c2 cos2 f?) 
cos2 8 dt’, 
811 *(k-c2)li 8 
(ksin2e+c2cos2e) 
dh=rJil (02 - k sin2 8 - c2 COST 0) ( b2 - k sin2 B - c2 cos2 0) 
cos2 8 de, (72) 
\‘Jl 
(ksin2e+c2cos2e) 
(G-ksin2f?-c2cos2B)(b2-ksin28-c2cos28) 
de. 
12 = &f (PI da +p2 dq2) 
72 
1 
=- n- 4 ~2&2 
2h(a2 sin2 4 + b2 cos2 4)(a2 sin2 4 + b2 cos2 4 - k) do 
(a2 sin2 C$ + b2 cos2 4 - c2) 
(a2 sin2 4 + b2 cos2 @)( u2 sin2 4 + b2 cos2 C$ - k) 
=- 
(u2 sin2 C$ + b2 cos2 4 - c2) 
d4, 
(74) 
aI, Jz 5 
dh= -s J 4 0 
(a2 sin2 4 + b2 cos2 4) (a2 sin2 4 + b2 co9 4 - k) do 
(a2 sin2 q4 + b2 co9 C$ - 3) 
7 (75) 
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(a2 sin2 C#J + b2 cos2 4) 
_-- 
(~9 sin2 q5 + b2 cos2 4 - k) (a2 sin2 q5 + b2 cos2 C$ - c2) 
d4. 
~2 LU, /dk 
k sin2 COST e 
(a2-ksin2&-c2cos2e)(b2-ksin2&c2cos20)de 
(a2 sin2 O+b* cos2 O-k)(a2 sina O+b* cos2 e-c2) de ’ 
9 sin2 0+62 ~0~2 e 
= 2&i(k-c2) + Jd (ksin2e+c2cos2e) 4 0 (~~-ksin~8--c~cos~f3)(b~-ksin~f?-c~cos~0) ~08~ e de 
Tl 243 4 +-._ JJ T2 & o (a2 sin2 e + b2 COST e) (~2 sin2 0 + b2 COST 8 - k) de (a2sin2e+b2cos2&c2) 
REMARK 2. We have assumed that c2 < k < b2; now let’s consider the two extreme cases: 
lim 2 = 
c2 sin2 B+b2 ~0~2 e 
(a2-ca sin2 e-b2 cos2 0)(b2-c2) 
k+b2 T2 a2 sin2 &j-b2 ~0~2 e 
(a2-b2)(a2 sin2 f9+b2 COST e-d) e=. 
= 1, 
lim T 
k-+b2 
1 
(b2 sin2 0 + c2 COST 6) 
(~2 - b2 sin2 8 - c2 cos2 0) ( b2 - c2) 
cos e de 
(u2 sin2 8 + b2 COST @(a2 - b2) sin e de 
lim 3 = sz Jxde 
k+c2 T2 
~2 J 
a2 sin2 B+b2 ~0~2 e 
(a2 sin2 &b2 COP? e-c2)f de 
?TC 
2 (S-c2)(b2-c2) 
ZZ 
a2 sin2 0+b2 ~0s~ 8-G 
,l’yzTl =2.0+?,;.h JJ (a2 sin2 0 + b2 cos2 e) de 0 
TCJZ Jo3 (a2 sin2 0 + b2 cos2 e) de 
= &(a2 - c2) (b2 - c2) so: a~s~~s~n~+c~sc”,“ll de ’ 
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